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Abstract 

CN . In this paper, we prove the local existence of the bosonic part of = 1 su- 

I per symmetric gauge theory in four dimensions with general couplings. We start 

with the Lagrangian of the vector and chiral multiplets with general couplings and 
. scalar potential turned on. Then, for the sake of simplicity, we set all fermions 

• I vanish at the level of equations of motions, so we only have the bosonic parts of 

^ I the theory. We apply Segal's general theory to show the local existence of solutions 

■ of equations of motions by taking Kahler potential to be bounded above by U (n) 

symmetric Kahler potential and the first derivative of gauge couplings to be at most 
linear growth functions. 

1 Introduction 

In 1963, I. Segal has developed a method to prove the existence and uniqueness of the 
solutions of a semi-linear evolution equations using a semi-group [Tj. Then, ten years 
later, he applied it to prove the existence of local and global solutions for four dimen- 
sional Yang-Mills equations in the temporal gauge condition [2]. Such a study has been 
extended to the case of Yang-Mills theory coupled to scalar fields in three dimensions [3], 
and in four dimensions [H |5] . 

Our interest here is to extend the results in |4j to the case of minimal {N = 1) su- 
persymmetric Yang-Mills theory coupled chiral multiplets. This theory has become a 
prominent subject over four decades since it might provide solutions to major problems 
in the Standard Model of particle physics such as the unification of gauge couplings and 
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the hierarchy problems. 

In this paper, we prove the local existence of solutions of = 1 supersymmetry gauge 
theory in four dimensions with general couplings. Our starting point is to consider = 1 
Lagrangian consists of chiral and vector with general couplings such that we have a non- 
linear (T-model with Kahler metric, general analytic gauge kinetic functions determined 
by holomorphic functions, and the scalar potential. Then, we derive field equations of 
motions and setting all the fermionic field to be zero at this level for the sake of simplicity. 
Thus, we only have an effective bosonic theory that describes the interaction between the 
bosonic field (0, A) where is the complex scalar fields and A is the gauge fields. 

By assuming that the temporal component of gauge fields vanish (analogue with the 
temporal gauge in Yang-Mills theory) and introducing new fields {tt,E), one can then 
transform the equation of motions into a semi-linear form which contains linear and 
non-linear terms. For our analysis, we take the fields u = {A, E, 0, tt, 0, tt ) lying in 
T-L = {H2 X Hi)^ where Hp denotes a Sobolev space. We show that the linear terms 
are globally defined in "H and generates a one parameter semigroup. Finally, by Segal 
general theory [1], the local existence of semi- linear evolution equation is established by 
showing that the non-linear parts satisfy local Lipshitz condition. 

Since we have a generalized semi-linear evolution equation, we have to take several 
assumptions on the general couplings such that Segal's general theory can be used to 
our problem. First, we assume that Kahler potential is bounded above by U{n) symmet- 
ric Kahler potential and we derive several estimates for Kahler potential and Christoffel 
symbol. These estimates can be used to eliminate the quantity associated with Kahler 
metric in our analysis. Second, we take some conditions on the gauge kinetic couplings, 
namely the derivative of the gauge coupling must be at most a linear growth. Finally, 
we assume that the scalar potential has to be at least C^-functions and its derivative is 
locally Lipshitz function. 

Another problem that arises is the constraint equation which can be solved by the 
technique developed in p]. This technology can be mentioned in order. We firstly de- 
compose the E field into unique transverse (Ex) and longitudinal parts (Ej^). Then by 
introducing a new field Ec such that Ec = E^ if the constraints fulfilled, we modify the 
original equation of motions by replacing El with Ec- Using the above mentioned condi- 
tions on general couplings, we prove that the non-linear parts is locally Lipshitz function. 
Hence, they admit local solutions. At the end, we show that the solutions of the mod- 
ified equations with the constraints satisfied are the solution of the original equation of 
motions. 

The organization of the paper can be mentioned as follow. We shortly review a four 
dimensional A^ = 1 supersymmetric gauge theory in which the vector multiplets are cou- 
pled to arbitrary chiral multiplets in Section 2. Section 3 is devoted to discuss several 
aspects of field equation of motions including a modification of equation of motions to 
solve the constraint problems. In section 4, we discuss the internal scalar manifold and 
derive several estimates. In section 5, we prove that the non-linear part of equation of 
motions satisfies Lipshitz condition and finally prove the local existence. 



2 



2 General Couplings of Chiral and Vector Multiplets 



In this section, we review shortly four dimensional = 1 supersymmetric gauge theory in 
which the vector multiplets are coupled generally to arbitrary chiral multiplets. Here, we 
only write terms which are useful for our analysis in the paper. For an excellent review, 
interested reader can further consult, for example, |6l[71l8]. 

The theory consists of vector multiplets, (A^, A*^) coupled to Uc chiral multiplets, 
(0\ X*) where the Latin alphabets a,b = l,...,n^, and i,j = l,...,nc show the number 
of multiplets, while the Greek alphabets /i, z/ = 0, ...,3 show the spacetime indices. In 
the vector multiplets we have gauge fields A° together with their fermionic partners A°. 
On the other side, the chiral multiplets contain complex scalars 0* and their fermionic 
partners x*- 

Furthermore, = 1 supersymmetry demands the following conditions: First, the 
scalars 0* span a Kahler manifold endowed with metric Qij = didjK where K = K{(j), 0) is 
a real function called Kahler potential. Second, there exists a set of holomorphic functions, 
namely {fab, Xl^,W) which are gauge couplings. Killing vectors, and a superpotential, 
respectively. Finally, the existence of a real function called scalar potential which can be 
written as 

V = g'~^ d.WdjW + Ih'^'PaPb , (2.1) 
8 

where Pa are real functions called Killing potentials (or momentum maps), determined 
by XI via 

X:='-g^~^djPa, (2.2) 

with h"''' is the inverse of hab = Re/afe. Then, one can write down the bosonic part of the 
= 1 Lagrangian as 

c = -g,jD>^<pw,4^ - habJ'^,,^""' + \kab:F;^P'^^ - v , (2.3) 

where kab = Im/ab, the covariant derivative -D^0* = 9^0* + X^A^^^, and the gauge field 
strength J^^^^ = d^A^ - d^A^ + f^^A^Al. The dual field is defined as /'^'^^ = 

^e^'^P^J^p^. It is worth to mention that Lagrangian (12. 3 p is invariant under the following 
supersymmetry transformation of the fields up to three-fermion terms 

= l{j':,.-i^:,J)Y'e. + 2ih^'Pbe,, 
6x' = i5,0'7V + 2(7%iye. , (2.4) 
6A'; = iA:7,6- + ^6.7mA- , 

50^ = re.. 

Additionally, in the theory one can replace Pa by Pa + ^a where C,a are real constants which 
give rise Fayet-Iliopoulos term. 

In our analysis, we assume that the scalar potential to be at least a function and 
a satisfies the local Lipshitz condition 

\\d,V{<f>') - d,Vm < C(||0'||, 11011)110' - 011 , (2.5) 

where C(||0'||, ||0||) is a bounded function depend on ||0||. The condition above implies 
that the holomorphic superpotential has to be at least a function. 
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3 Field Equations of Motions 

This section is devoted to discuss several aspect of field equation of motions. In particular, 
we take all fermions to be trivial at this level. Thus, the gauge fields and the scalars are 
the main ingredients of our analysis in this paper. To simplify the analysis we take a 
condition Aq = which is not a gauge condition since in general Lagrangian ( 12 .Sp is no 
longer gauge invariant 0. 

First of all, the gauge field equation of motions is given by 

D, [k,T'>^^ - K.P"'^') = g,- [X^^D^'^ + XlD^^^ , (3.1) 

with 

{hatT"-") = {hatJ'"''') + ftA^ [ha.J''^-) . (3.2) 

The field strength tensor J-'^^, satisfies Bianchi identity, 

D^jrf'M^ = . (3.3) 

By defining 

and using fl3.3p . we can rewrite fl3.ip as 

-hf^'g^ [KD^'^ + XID^<P') , (3.5) 



Ho 

together with the constraint equations 

r(t) = +47rp" , (3.6) 

where 

h^" {k,Jt - kufi) - h'^'h.JtAlE^^ , (3.7) 

with the initial value of (13. 6 p is C"(0) = 0. Next, we consider the scalar field equation of 
motions which have been modified into 

+g^g,jA^^^Dr(t^'^yjX^, - g^ Q/^,,. J-;^^^^- - Ifc^,. + QjVs^ ,(3.8) 



where 



TT* = -DV* , (3.9) 

V,X: = duXl + Tl,X[, (3.10) 



^For renormalizable Yang-Mills-Higgs theory with constant fab and gfj the condition Aq = is cahed 
temporal gauge, see for example, [S]. 
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together with its complex conjugate. 

Now, we rewrite the equations of motion fl3.ip and f l3.8p into the following form 



— = Au + J{u) 



(3.11) 



where 



u 



A"' 



Au 



drd^'A"' - drd'A" 



and 



J{u) 









TljOs^'^d'^^ + XldsA^' + A^'V-kXlds^^ - g^'^gkiA^^ViX^ A^^X^j + V2 

(3.12) ■ 



where, 



^2 



-h^' {k,Jt - hJi) - h'^'g,- (XID^'^ + xId^ 



(3.13) 
(3.14) 
(3.15) 



together with the constraint equation (13. 6p . 

To solve the constraint problem, we use the method in ^ which can be structured 
as follows. First, we modify (13. ip by decomposing E field into unique transverse parts 
(divergence free) Ex and longitudinal parts (curl free) E^ 



with 



E = Et + El , 



dgE^ = 0, Egrsd^E'l = . 



(3.16) 



(3.17) 



Then, replacing E^ with the new fields, Ec which equals to E^ when the constraint is 
satisfied (see lemma [3]), 

^ *p] , (3.18) 



Ei-^E'c = ds 



AtxR 



where —-^ * p represents convolution of p with the fundamental solution of Poisson 
equation, 

1 1 /■ . , / p(x') 



p = / dx 

4:nR 4:71 Tsa \\x — x" 



(3.19) 



Let T-i = {H2 xHi)^, where Hp represent a Sobolev space of square integrable functions 
over M.^ with their derivative up to order p are also square integrable and let || . 
represents a Sobolev norm defined as 



|q|=0 



u\ 



L2 



(3.20) 



ai + 



where a = (ai, 0^2, . . . , «„,) is a multi-index of non-negative integers and |a| 
0^2 + ... + am- The Hp space is also a Hilbert space. In our analysis, we take the fields 
u = {A, E, (f), TT, 0, tt) to lie in T-L. 

Now we prove the following lemmas which are an extension of lemmas in [1] to incor- 
porate the gauge kinetic functions and show that for fields u lying in "H, the condition 
El = Ec implies that E satisfies the constraint equation. 

Lemma 1. Let p is defined as in \3.7\ If the gauge kinetic function is also lies at least in 
H,, then E^c = {-^^ * p) = 0, * pY ■ 

Proof. Since - is a weak L3_^(]R^) function, then using generalize Young inequality for 
convolution product [TU], we have 

1 

r 



1 

- * p 



r 



< C\\p\ 



< C 



3,ui 



for i 



provided that p E 



(3.21) 

^). Since all field 



^ ^ + |. It means ^ * p G Lp^m. j piuviucu uimu y c J^q\^ 

{A, E, (f), TT, (j), if) at least lie in Hi and using the assumption that the gauge kinetic function 
is also lie at least in Hi, then by Sobolev embedding theorem, they all lie in Lg for 
2 < s < 6. Then, p e Lg for 1 < g < 3, thus ^ * p e Lp(R^) for p>3. 

Let V be an arbitrary C°° rapidly decreasing vector field in M^, we have 



1 

47r 
1 

An 
1 

47r 



d'Vs, ( - * p 



— {-*d-Ws,P 



Since 



is a weak L 



l^) function and p E Lq{l 
* IpI G Lr, 



for 1 < g < 3, then 



(3.22) 



(3.23) 



for all I < r < 3. Hence, we have. 



1 



*d'Vs,p 



1 
1 

Air 



X 



X 



■p{x')dx' 



- K 



\x 
f 



X 



dx 



And finally we have E^; = d'^ * p) = ^ * pY which complete the proof. 



(3.24) 



□ 
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Lemma 2. Ec e Lp for all ^ < p < oo. In particular Ec G L2. 

Proof. Prom the proof of the previous lemma, we aheady have p e -Lg(M^) for 1 < g < 3. 
Then using the representation of Ec in previous lemma, 



II^^cIIl, = 



* p 



<c\\ph 



<C' 



3/2,M) 



(3.25) 



for 1 < p, g < 00 and \ = \ + \^ then Ec G Ls for all | < s < 00. 
In particular, Ec G L2 and the following inequality holds. 



II^cIIl. < c\\ph 



'6/6' 



(3.26) 
□ 



Lemma 3. The condition Ec = El is equivalent to dgE'^ = Anp. 
Proof. Let V be an arbitrary C°° rapidly decreasing function in I 

1 



we have 



{V,dsEl,) = 



V{x)ds 
p{x') 



47r 

1 

An 



j p{x')V{x')dx' 

P) , 



\x — X' 



X — X' 



p{x')dx' 



\X — X' 



/|3 



d.V dx 



j V{x)ds 



X — X' 



\x — X 



/|3 



dx 
dx' 

dx 



dx' 



(3.27) 



where we used integrating by parts and exchange the order of integration. Thus, Ec 
satisfies dgE^ = 47rp as distribution. 

Since Ec e L^, we can define it's Fourier transform and decomposing as 



Ec = Ec + E(~,, 



with 



E. 



c 



_ ^ 



(3.28) 

(3.29) 
(3.30) 



Furthermore, Ec is a gradient, then Ec has vanishing curl, then k x Ec — which implies 
that Ec has only a longitudinal component, thus 



k'k' 



and because Ec satisfies dgE^ — Anp, taking a Fourier transform, we have 

k' 



(Anp) . 



(3.31) 



(3.32) 



Now suppose that the field u satisfies the constraint equation, 

= dsEi = Attp, (3.33) 

where we used the decomposition in fl3.16p . Taking a Fourier transform of the constraint 
equation, we get 



El 



(4vrp) 



Ef 



c- 



(3.34) 



Thus any solution of the constraint has = Eq- Conversely, if E^ = Eq, the constraint 
is satisfied. 

□ 

With the modification, we can rewrite the equation of motions as follows 



du . ^, , 
— =Au + Jiu) 
at 



(3.35) 



where 



u 



IT-' 



Au 



Tpas 

Ulrp 



and 



J(n) 







V\jds4)^d'4)^ + XldsA''' + A'^'VkXlds^)^ - g^'^g^fA^^ViX^ A^^X^j + V2 

(3.36)' 



4 Scalar Internal Manifold 



This section is assigned for the discussion of the internal scalar manifold. In particular, 
we consider the case of the Kahler potential to be bounded to a function and derive 
an estimates for Kahler potential and Christoffel symbol. Our estimates derived in this 
section is important in our analysis for proving the local existence of fl3.35p . 

As mention in section [21 in four dimensions, the N = 1 supersymmetry theory demands 
that the scalar field (0,0) span a Kahler manifold with Kahler potential K = K{(f),(j)). 
In this paper, we consider the case where the Kahler potential bounded above by U{nc) 
symmetric Kahler potential and satisfies several conditions, 

if < $(101), (4.1) 

|r| < |f| , (4.2) 
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where |0| = {5fj(l)^(fP') ^ and f is the Christoffel symbol of g. 

We prove a lemma about estimates of Kahler potential and Christoffel symbol, 

Lemma 4. Let M. he a Kdhler manifold with Kahler potential K = K{(f),(j)). If M. 
satisfies U-'^ (^''^d 

F' 



< e 



(4.3) 



where F{\(j)\) 
we have the following estimates 



f — ) with $' = d^/d\(j)\ and e is a non negative constant, then 



\K\ < ' \<pf + ^\<pf + C,\<pf + Cs, 
o 2 

iri < 2e\<pf + CM\. 



(4.4) 
(4.5) 



Proof. Let be a Kahler manifold generated by $. We can write the metric gij = didj^ 
as 



9i 



2\(t)C' ' 4|0|2 

where $' = d^/d\(f)\. The inverse of the metric can written as, 



(4.6) 



The norm of the Christoffell symbol is 

Ifl = 



g"g''giit]^]^ ' ' 



9"f%ifdjgkifdjgij, 



g^'g^g^'d^Md-jgik 



(4.7) 



(4.8) 



and the first derivative of the metric is 



F' 



where 



F' 



4|0|2 
1 



3$" 3$' 



If condition (14.31) is satisfied, then using the following inequality for integral. 



f{x)dx 



< I \f{x)\dx 



(4.9) 



(4.10) 



(4.11) 



we have the following estimates, 



\F\ < e|0r + Ci, 

m < ^i0r+ Y 101'+ 101^+^3 



(4.12) 



where Ci 



Co 



Christoffel symbol satisfies 



^(0) and C3 = |$(0)|. Then we have the norm of the 



< 26101=^ + ^11 



Hence, by our assumption in 14. II and 14. 2^ we have 



1*1 < gi 

irl < 2e| 



\' + CM\. 



3 , 



This complete the proof. 



(4.13) 

(4.14) 
(4.15) 
□ 



Our assumption in (14. 3 p is satisfied for several examples of Kahler manifold, for exam- 
ples are C" and CP" which are widely used in the theory. For C^, the Kahler potential 
is given by |0p, then clearly F is vanish, hence ^ is bounded by 0. In case of CP", the 
Kahler potential (using standard Fubini-Study metric) is given by 



CP" 



Then we have. 



and 



F = 
F' 



ln(l + 
1 



(1 + 



\3 ' 



(4.16) 
(4.17) 

(4.18) 



which is bounded above by 2. 



5 Local Existence 



In this section, we will prove the local existence of the evolution equation (13.351) using 
Segal's theorem. Furthermore, we shall show that solutions of f l3.35p are the solutions of 
the original equations, namely (13. ip and (13. 8p . 

In section [3], we have derived the equation of motions for u and have taken the field u 
lie in "H = {H2 x HiY. Let us consider the linear part of the evolution equation (I3.35p . 

-=Aa. (5,1) 

By decomposing the A and E fields into transverse and longitudinal components, we can 
write (15. ip as follow. 



d 


Aas 

Jlrp 




'0 


/" 


di 


TPas 

Ulrp 




A 






d_ 

di 







'0 


I 








A 








Aas 

Jlrp 

TPas 
rLirp 



IT 



d_ 

di 
d_ 
di 



AT 









'0 


J" 








A 










(5.2) 
(5.3) 
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Each pair of fields {At,Et), 7r),and vf ) satisfies the hnear wave equation and 
{Al, El) is a constant of the hnearized equation. Thus, the hnear operator A gener- 
ates a one-parameter semigroup on T-L and for any initial value Uq = u(to) G 'H, the 
linearized equation admits a classical solution which can be written as H, 

u{t) = e-^(*-*°)Mo . (5.4) 

Then, it follows that the solution of linearized equation is globally defined on "H. 

Following the result above, by writing the evolution equation fl3.35p as an integral 
equation, 

u{t) = e^^'-'°^uo + I dse-^^'-'°'^J{u{s)) , (5.5) 

J to 

the local existence of solution of the equation is established by showing that the nonlinear 
operator J satisfies Lipshitz condition, 

\\J{u') - J{u)\\ <C {\\u'l\\u\\)\\u' - u\\ , (5.6) 

for all u' ,u G "H. The norm || . || is designed for "H norm and C(, ) is some monotonically 
increasing, finite function of the norm indicated. Then, for any initial data uq = u(to) ^ 
Dji^, where is a domain of linear operator A, the evolution equation f l3.35p admits a 
unique classical solution on some interval (Ti, T2) containing to either (Ti, T2) = (—00, 00) 
or ||u(t)|| — )■ 00 as t — )■ Ti or T2. 

Let us write the components of the non-linear operator J as J = (Ji, J2, J3, Ji, J5, J&)- 
The proof that J satisfies a Lipshitz condition is facilitated by a Schauder ring property 
for Sobolev space over and the Sobolev inequality over M^, 

WnU^KCWur^JMl-^^ (5.7) 

for real numbers g, m with 1 < g, m < 00 and r, s are integers where < r < s which 
satisfy 

- = \ + 4--^)+i^-(^)-^ (5-8) 
p 3 \m 6 J q 

with r/s < 6 < 1 and p is non negative, and a constant C depends only on m,j, q, r and 
9. For further discussion on Sobolev inequality, see [T2] . 

Now, since the theory has scalar fields dependent gauge couplings, we have to make 
an assumption for the gauge kinetic function in order to prove that Eq is a mapping from 
H to H2 and locally Lipshitz continuous. 

Lemma 5. Let the fields {A, E, 0, vr, 0, vf) G "H. // the first derivative of the real part of 
the gauge kinetic function is at most a linear growth, 

\\dihab\\Hi = \\djhab\\Hi < ^1101^2 , (5-9) 

then Eq lies in H2- Furthermore, if dghab is also a locally Lipshitz function, then Eq is a 
locally Lipshitz function. 



^for details review, see [T], [llj . 
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Proof. Define a norm for a gauge indexed field as 

\A\^ = KbA'^'Al . (5.10) 
By definition of Sobolev norm, we have 

\\Ec\\h, = {\\Ec\\1 + \\D'Ec\\IS^\ (5.11) 

Using (13. 26 p . we have 

\\Ec\\L,<C\\ph,,^, (5.12) 
and by definition of p and using Holder inequality, we have 

|2 11/1112 I II \^||2 ||_||2 I 11771112 lia i,||2 , ||ai^||2 ||x-||2 , l\UAl\2 \\ -r\\2 



< ll^llijl^llis + ll^llislklli. + ll^lliJI^s/^llia + ll^.^llisll-^lli. + ll^^lliall-^lli. 

< miwAWk + m\w\i + WEwudM'H, + mi mm + \\kA\\i) , 

(5.13) 

where we used the Sobolev inequality to show that ||m||l3 < CUmH^/j. 

Since dgE^ = 47rp, by taking Fourier transform on both sides, we have 

E^ = -z4vr^p, (5.14) 



hence, we have 



'^Cs 



(47r)2 / d'k\Kpi 



[A^f [ d'x{dspf = {Anndsp\\l. (5.15) 



Using definition of Sobolev norm and Schauder ring property, we have 

< muMk + \\x\\iMk + miwdMik + link {wmk + wkAwi) ■ 

(5.16) 

By definition of field strength, we get an estimate 

mU<C{\\A\\H, + \\A\\lJ , (5.17) 

and using condition (15. 9p . 

^sh\\H, < WdMHAdsnH,, 

< Cmj,^ (5.18) 
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and the fact that gauge kinetic function is a holomorphic function, we have 

^^c\\h2 



l2 + \\M\H2mH2^ 



(5.19) 



which shows that Ec hes in H2 for all -u G "H and the first part of the lemma is proven. 

Now we will prove the Lipshitz condition for Eq which is important for proving the 
local existence of the evolution equation. From the definition of Ec we have 



E^J{u')-E^J{u) 



47rr^ 



* {-n^ {h"^%,A'fE'J - h'^'KaAfE^,} 



(5.20) 

Recalling the estimate from the prove of the first part of lemma and using assumption 
that dghah is locally Lipshitz, then we have 



< K{\\A- AU [\\E'U + 11011k m\H2 + \\A\\h2 P' + ^11 

) 



H2 



H2 



+ \\ArH2 + P' + MM] + \\E'- E\\h, [\\A\\h2 + 
+ - vrll^, 11011^, + 110' - 011^,, [\\E\\h, W + 011^,, 

+mH2 (1 + Pbj 110' + + m?H, (1 + p'li^j] } 

= C,{\\u'l \\u\\)\\j^ - A\U2 + C^dl^'ll, II^IDIIi?' - E\\n, 

+C3(||«'||, ||«||)||0' - 011^, + C,{\\u'l \\u\\)\\7:' - 7:\\h, ■ (5.21) 

Then for u e "H, Ec is a locally Lipshitz function which proves the second part of the 
lemma. 

□ 

The final proof of Lipshitz condition for J is established by showing that the other 
components of J are also Lipshitz functions. Using Sobolev inequality, we have 



WMu') - Mu)\\h, < C^\\A' - A\\h2 [\\A\\h2 + Pllk + \\E\\H,mk + mk + PIk, 110111, 

+\\a'+a\\h2 {i+\\a'\\h2 + uwk + muh'M + mH2\w\\H] 



2 

H2 



H2U'\\k 



+ \\E' - E\\h,^\\<P-\\h2\\t^'\\h^ 

+ \W - nH2 [mH2 + \W + nH2 {\\E\\h. + mH2 + \\A%, + \\A\\h2) 

+MhA\eU + Mh2 {\\a\\h2 + PlliJ + II0I|h." 

+||7r' - ttII^, + ||0'||^, + 

C,{\\u% \\u\\)\\A' - A\\h2 + CM, \\u\\)\\E' - E\\h, 

+Cri\\u% WulDW - cI>\\h2 + CsiWu'W, \\u\\)\\7r' - ttU, , (5.22) 
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and 
II<A(m') 



■Uu)\\h, < c{||r'-r||^^ 



\E'-E\\h, U\\hM' + E\\h, 



\\^-A\\h, 



|r|kJ|0||?,J + 



+ 



(1 + \\A + A\\h2) 11-^' - Hh, + UWh^WE'Wh,) 

lf^Jl|r|kJ|0' + 0||H.(i + ||v4||y + 



|r|kJ|0' + 0||H, (1 + 



(5 



Using estimate (14. 2p and (15.171) and using the assumption in (12.51) . we have 

WUu') - Uu)\\h^ < C,{\\u'l \\u\\)\\A - A\\h2 + Ciodln'll, \\u\\)\\E' - E\\h, 



+Cii{\\u'\\,\\u 



\H2 



+ Cui\\u'l\\u\ 



TT 



TT 



Hi 



(5.24) 



Thus, from lemma 0, (I5.22p and (I5.24p . the nonhnear operator J is a mapping from "H to 
itself and satisfies locally Lipshitz condition. 

Then by Segal's theorem, for any initial data uq in Ti, there exists a positive constant 
T > depending on uq such that the equation (13.351) admits a unique mild solution 
which is continuous in H for an interval [0,T], i.e. u G C([0,T],H) which satisfies 
(15.51) . Furthermore, the solutions can be extended into maximal mild solutions on interval 
[0, Tmax) such that either 

1- ^max = +00 and the equation (13.350 admits a global solution, or 

2. 11^(^)11 —7- 00 as t — 7- Tmax and the solution blow up on a finite time Tmax ■ 

If the initial value mq lies in Dj^ then equation (13.351) admits a unique classical solutions 
u{t) for an interval [0,Tmax) which remains in Dj^ and satisfies differential equations 

du(t) 



dt 



Au{t) + J{u{t)) 



with 



du{t) 
dt 



is a continuous curve in "H. Then, the solutions u belong to, 

MGCi([o,r^ax),-H)nc([o,r^ax),^^) , 



(5.25) 



(5.26) 



such that either T^ax = +00 or ||u(t)|| — )■ 00 as t — t- T^ax- 

Now, we shall show that the solution of modified equation ( I3.35P which satisfy the 
constraint is the solution of original equation. 

Following result of for the constraint equation, we have 

imWl < l|C(0)||Lexp [I C'\\E{s)\\H?j . (5.27) 

Since the initial value of the constraint equation is C(0) = 0, then C{t) is vanished in the 
interval existence of u [t). Hence, the solutions of modified equation ( I3.35P always satisfy 
the constraint equation then it is the solutions of the original equation. 
Therefore, we have proven. 
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Theorem 1. Let uq be any initial data lying in T-i = {H2 x Hi)^ . If the conditions 
l{2.5\) . ( [^.^[ ), and are satisfied, then there exists a positive constant T^ax > 

depending on Uq such that the integral equation Ii5.5\) admits a unique maximal solution 
u(t) on interval [0,Tmax) which belongs to u E C ([0, Tmax), "H) and either 

i- ^max = +00 and the equation ^3. 35\) admits a global solution, or 

2. \\u{t)\\ — 7- 00 as t — )■ Tinax o,nd the solution blow up on a finite time T^ax ■ 

Furthermore, if uq lies in Dj[ and satisfies the constraint C{uo) = 0, then the equation 
h3. 3^) admits a unique classical solution u{t) for an interval [0,Tmax) which remains in 
D^, and belong to u E ([0, Tmax), '^) H C ([0, Tmax), -D^), and satisfy the constraint 
C{u{t)) = such that either T^^lx = +00 or — t- 00 as t — t- T^ax- 

A Convention and Notation 

The purpose of this appendix is to inform our conventions used in this paper. The 
spacetime metric is flat with the signature (— , +, +, +). 
The foUowing indices are used: 

/i, i^, p, 0" = 0, . . . , 3, label 4-dimensional flat spacetime 

r, s,p,q = 1, 2, 3, label 3-dimensional flat space 

i,i, j, j , k, k = 1, . . . , Uc, label Uc dimensional Kahler manifold 

a,b,c,d = 1, . . . ,ny, label the gauge index 

B List of Inequality 

In this appendix, we mention some basic inequalities used in this paper. For detail reviews, 
see [ini[I2]. 

Young inequality for convolution 

Suppose / G Lp{R'^) and g G Lg{R'^) and 

111 , , 

- + - = - + 1, B.l 
p q r 

with p,q,r eM. and 1 < p,q,r < 00. Then 

< ||/IUJ|^7|U,. (B.2) 
If g E u,(M'^) where Lg^^ is weak Lg space, then 

||/*^7||L.<||/||Ljk||L„„, (B.3) 

with p, q, r are defined and satisfy condition above. 
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Holder inequality 

Let p, q, r be positive numbers and satisfy p,q,r < 1 and 

1 1 _ 1 
pgr 

Suppose / e Lp{R'^) and g e Lg{R'^), then fg e L^(M'^) and 

Wfghr < ll/IUJblU, ■ 

Sobolev inequality 

Let q, m be real numbers with 1 < g', m < oo and r, s are integers where < r < s which 
satisfy 

p 3 \m 3/ g 

with r/s < 9 < 1 and p is non negative. For u e ifs(R^) fl Lg(M^), there is a positive 
constant C which depends only on m,j, q, r and 9 such that the following inequality holds 

\\d^u\\,^ < C\\d^u\\l^ Ml-; . (B.7) 
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